Top Careers & You®

) A
> DEFINITE INTEGRALS <

Let ¢ (x) be the primitive or anti derivative of a function f(x) defined on [a, b] i.e., di (d(x)) = f(x).
X

b
Then the definite integral of f(x) over [a, b] is-denoted by _[ f(x) dx and is defined as [¢ (b) — ¢ (a)] i.e.,
a

b

[ f60dx=40)- 4@ (i)

a
The numbers a and b are called the limits of integration, 'a' is called the lower limit and 'b' the upper limit.
The interval [a, b] is called the interval of integtation.

If we use the notation [p(x)]2= ¢ (b) — ¢ (a), then from (i),

f(x) dx = [o(x)]2= [(6(x) at x = b) — (¢(x) at x = a)]

=

D ey T

= (value of anti derivative at b, the upper limit) — (value of anti-derivative at a, the lower limit)

Remark - In the above definition it does not matter which anti-derivative is used to evaluate the definite

integral because if | f(x) dx = ¢(x) + C, then
b
[ foaax= o0 +C = (4(6) + C - (0 (@)  ©) = 6(6) = ¢ (a).

In other words, to evaluate the definite integral there is ho need to keep the constant of integration.

EVALUATION OF DEFINITE INTEGRALS

b
To evaluate the definite integral J. f(x) dx of a continuous functions f(x) defined on [a, b] we use the following

a
algorithm.
ALGORITHM

b
Step 1: Find the indefinite integral J f(x) dx. Let/this be ¢(x). There is no need to keep the constant of
a

integration.
Step 2: Evaluate ¢(b) and ¢(a)

b
Step 3: Calculate ¢(b) — ¢(a). The number obtained in Step lll is the value of the definite integral J f(x) dx.
a
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0

EXAMPLES:
1. Evaluate:
2 4, 1 1 1
(1) | x?dx (2) | —dx 3) | ———=dx 4) dx
-1[ X -([\/1+x+\/; ;[2X—3
2 3P 343
sol. (1) szdx= X, =2 1.8 1.7
3 3 3 3 3 3
,11
2) I—dx= [Iog|x|]7j1 = [Iog|— 1 - log|- 4|] =log1—-log4=0-log4=-log 4.
" _
-4
1 1 1
1 V14 x —x
(3) ———dx = dx = 1+ x —+/x )dx
!‘/1+X+\/; ! (\/1+x+\/x_)(\/1+x—\/;) ~([ ( )
_12 32 2 3;21_|2 3/2. 2,32 | |2 3/2 2,372
=|=(1+x -=X =|=(1+1 -—(1 -|=(1+0 -—(0
[3( ) 3 L [3( ) 3() } {3( ) 3() }
2 32 2 2
=27 -1-=[1-0]== [2v2-2
S -1-211-0= 3 V2 -2)
Eo 1 1
- 1
) ! 55 =  llog(2x~ 3)1§ = llog |~1-1og-3]1
=1[Io 1-lo 3]=1 [0-1lo 3]=—llo 3
> g g 5 9 5 gsS.
2. Evaluate:
nl4 nl2 nl4
() j tan? x dx (ii) J' sin? x dx (i) j sin 3x sin 2x dx
0 0 0
nl4 nl4 - . -
Sol. (i tan® x dx = sec?x—1)dx = [tanx-x]['* = [tan=-—| —(tan0-0) = [1- =
(i) ! ! ( yax= 1 e )=[1-3
nl2 nl2 . nl2 . .
(i) | sinzxdx=1j (1—c032x)dx=l{x—smzx} -1 (E—s'””j—(O——s'"oj S
g 2 o 2 2 | 2 (2 2 2 4
nl4 1 nl4 1 nl4 1 sin5x nl4
(iii)j sin 3x sin 2x dx = — J (2 sin 3x sin 2x)dx =— J (cos x — cos 5x)dx =— | sinx —
2 2 2 5 1o
0 0 0
nl4
3. Evaluate:j J1+sin2x dx
0
nl4 nl4
Sol. .[ V1+sin2x dx = J\/sin2x+coszx+23inxcosxdx
0

nl4
= J (cosx+sinx)dx=[sinx—cosx]g/4
0

= (sin%—cos%j—(sinO—cos 0) = (%—%] —(0-1)=1
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n/2
4, Evaluate ‘[\/1—sin2x dx
nl4
ni2 ni2
Sol. I\/1—sin2xdx= j\/coszx+sin2x—23inxcosxdx
nl4 nl4
nl2
J.\/ cos x —sinx)? dx = J.|cosx S|nx|dx [aS\/x_2:|x|}
n/4 n/4
n/2
= J.—(cosx—sinx)dx
nl4

. s T
{As COS X < sinXx forZ<x<E .. cosx—sinx<0 =|cosx— S|nx| —(cosx — smx)}

nl2

= J(SH1X COS)( dx = [COS X - SInX]
nl4

(_ cos(g] . sin(gD . (_ cos - sin@j = (0-1)- [%] 21

1

5 If J (3x% + 2x + k) dx = 0, find k.
0

I/ 2

;
Sol. j BC+2x+K)dx =0 [+ X +kx]} =0= (1 +1+K) - 0=0==-2
0
a

6. IfJ (3x% + 2x + 1) dx = 11, find a.
1

a
Sol. J @Bl+2x+Ndx=1= [+ +x =11 @+a’+a)—(1+1+1)=11
1

n/2
7. Evaluate j (Vtanx ++/cot x )dx

0

/2 nl2 .
Sol. j (Vtanx + ycotx)dx = J' /Slnx + ’C(_)Sxdx
0 Cos X sinix

n/ /2 .
sin X + cos X sin X + cos X sin X + cos X

= j SINXFCOSX 4x = /2 j =2 j dx
Jsin x cos x \/23|nxcosx \/1—(sinx—cosx)2

Put sin x — cos x = t, so that (cos x + sin x ) dx = dt.

When x=0,t=-1, when x = %,t=1.

nl2 1
J.(\/tanx + 4/cotx) dx = V2 J. =42 [sin ™" 1] '
0

dt
“V1-t2
V2 [sin (1) = sin™ = V2 [2sin7"( 1)]=2\/§(gj= V2
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i cOSs X
8. Evaluate J.—3dx
0 X . X
COS — + sin—
2 2
n/2 o8 x 712 cos® X — sin? X "2 COS > - sinx
Sol. Letl= [ ——% —dx= [ —2—Zdx= [ —2— 2,
X . X X .- X X . X
0 | cos= +sin= 0 |lcos=+sin= 0 | cos= +sin=
2 2 2 2 2 2

Put cos Xy sin X =t, so that 1 —sin£+cosi dx =dtor —sini—cosl dx = 2dt.
2 2 2 2 2 2 2

Also,x=0=t=cos0+sin0=1

b T . T 2
Andx= — = t=cos —+sin — = —=\/§
2 4 4 2
¥ 2 ¥
= (A, jlzzz[—l} =ol- L if=0-V2)
t t t] 2
1 1
PROPERTIES OF DEFINITE INTEGRALS
b b
Property 1: j f(x)dx = j fitydt  (changé of variable)
a a

b a
Property 2: J f(x) dx = —.[ f(x) dx  (inteérchanging of limits)
a b
b c b
Property 3: J f(x) dx = J. f(x) dx + j f(x) dx, where a’< c <b.
a a [

Generalization: The above property can be generalized into the following form

b Cq Cy b
.[ f(x)dx = J f(x)dx j f(x)dx +....+ j f(x)dx,wherea<ci<c,<cC3. . <Ch1<Cy<Db
a a Cq Ca

EXAMPLES

1 1-2x, x<0
9. J' f(x) dx, where f(x)={

e} 1+2x, x>0

1 0 1 0 0
Sol. We havej f(x)dx=J f(x) dx + j f(x)dx=j (1—2x) dx + j (1 + 2x) dx [by def. of f(x)]
O -1 0 21 1

= =X+ [x+ %715 =[0-(1 =D+ [(1+1)-(0)] =4
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]
10. j|5x - 3| dx
0

—(5x-3) when 5x—3<0,i.e.,x<g

Sol. [5x-3| = 3
5x-3 when 5x-3>0 ,i.e; ng
1 3/5 1 3/5 1
[lbx—3[ax="[|sx-3ax+ [[sx-3dx= [ i-(Bx=3)dx+ [ (5x—3)dx
0 0 3/5 0 3/5
3/5 1
_ 5x2 5x2 9 9 1 9) 13
= [3x——— +|—-3x =l |+ =+ —|=—
2 | 2 55 (O 10 2 10) 10
a a
Property 4: .[ f(x)dx=j f(a — x)dx
0 0
EXAMPLE:
11. Evaluate: I -
01+SInX
Sol. LetI=J. X ax ... (i)
O1+3|nx

T

b a

T—X

Thenl= | ——————dx |as| f(x)dx = | f(a — x)dx
-([1+sin(n—x) .([( ) .([( )

= [ 22X ax .. i)
O1+3|nx

Adding (i) and (ii), we get

1
1+ sinx

T
X+ 7T —X
2l= | ———dx=n=n
0 1+sinx

dx ... (iii)

O t—3

U

1-sinx

T I ——dx=n | (sec’x—tanxsecx)dx=r [tanx - secx]gE
01+S|nx

Ot

=7 [(tan & — sec 1) —

—

tan0—-sec0)])=n[0-(-1)-(0-1)]=2xn.
l=r
Property 5: J' fx)dx = 2 J' f(x)dx, if f(x) is'even function i,e. f(—x) = f(x)
-a 0

= 0, if f(x) is an odd function i,e. f(—x) = — f(x)
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EXAMPLE:
/4
12. J x® sin® x dx
—n/4
Sol. Let f(x) = x* sin® x.
Then f(— x) = (= x)° sin* (—x) = — X (sin(= x))* = =*(= sin x)* = =x® sin* x = - f(x).
So value of integral is zero.

Property G:J f(x)dx = 2| f(x)dx, if f(2a—x)=1f(x)

O tm—

= o if f(2a —x) = — f(x)
EXAMPLE:

2n
13. Evaluate Icoss x dx.

0

Sol. Let f(x) = cos’x.

Then, f(2r — x) = [cos (2n — x)]° = cos’x
2n T
- [cos® xdx =2 [cos® x dx
0 0

Now, f(r — x) = [cos (r — X)]° = — cos’X = — f(x)

- [cos®xdx=0.
0

2n m

Hence, jcos5 xdx =2 jcossxdx=2 x0=0:;
0

f(a+b—-x)dx

R 1=

0

b
Property 7: _[ f(x) dx =

a

EXAMPLE:

n/3 1
14. Evaluate ———dx.

n-!‘61+\/cotx
/3 1 B /3 m
dx = J.

Sol. Letl= j
1+

—_— — . dx
Jeotx J/sinx +4/cos x
/6 n/6
. Y
; an{ 3]
/6 Isinl = _x |+ [cos| X —x
2 2

nj's \Jcos X
76 Jcos ++/sinx

Adding (i) and (ii), we get,

nl3 n
9| = J- Vsinx ++/cos x m3 /3

Then, | = dx

dx .. (i)

dx = [1.dx=[x])5 =

T
e NCOosX ++/sinx <16 3

sl =a12.

_r_r
6 6
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Property 8: If f(x) is a periodic function with period T, then

T T a+T
(i) njf(x)dx =n [f(x)dx (i) jf(x) dx is independent of a.
0 0 a

EXAMPLE:
10

15.  Prove that J' (x—[x])dx =5
0

Sol. Since x — [x] is a periodic function with period one unit. Therefore,
10

1
j(x—[x])dx =10 j(x—[x])dx =10 dex—}[x]dx}
0 0 0

0
Pl
=10 X_ -0 =E=5
20 2

Property 9: Walli’s theorem
n/2 n/2
J. sin" x dx or J. cos" x dx
0 0

- (n=N0-3)..2 _3)'"12 if nis odd.

if nis even.

J. sin™ x cos” x dx
0
_ (m-1)(m-3)....n=1)(n-3).....
(m+n)(m+n-2)......

(If m, n are both odd positive integers or one odd positive integer)
_ (Mm=-N(m-3).. n-1)(n-3)..... L
(m+n) (M+n-2)..... 2

(If m, n are both positive even integers)

Property 10: Leibnitz’'s rule for the differentiation under the integral sign:
If the functions ¢ (x) and y (x) are defined on [a, b] and differentiable at a point x € (a, b) and f(x, t) is
continuous.

(x)

. d |" v o9 d d

0 | [rnde) = Zrenat + P gy )= S (600 x, 6 (0)
X o) @(x) OX dx dx

If the functions ¢ (x) and y (x) are defined on [a, b] and differentiable at a point x € (a, b), and f () is

continuous on [¢ (a), ¢ (b)], then

da | d d
(ii) ™ ¢Z[<)f(t)dt gl {w (x)} f (v (x)) = ™ { ()} (¢ (x))
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EXAMPLE:
X3

16. Find — j

dx L2logt

1 d 1
Sol. - — (X9).
dx Llogt } Iogx?’J dx o) [logxz]
(x* = ).
3Iogx 2Iogx Iogx
LIMIT AS A SUM
Algorithm
Step | Obtain the given series.
Step Il Express the series in the form |lim {lZf(Lﬂ
n—wo | N n
Step Il Replace Y by [, % by x and %by dx.
Step IV Obtain lower and upper limits by computing lim (Ljfor the least and greatest values of r
n—wo \ N

respectively.
Step V Evaluate the integral obtained,in previous_step. The value so obtained is the required sum of the

given series.
EXAMPLE:
17. Show that the sum of the series 1 + + 1 +...+ il asn > wislog 3.

n n+t--n+2 3n

Sol. Let S = lim F+L+ L +...+ 1 }

n—w

_2n 1 12n n
= lim — = lim | =) —
n—ow §n+r n—ow n;nw
i 2n
= lim lZ;
n—o nr:01+(r/n)
. .r .0
Now, lower limit= lim —= lim —'=0

n—>wo N n—»>w N
[+ r = 2n for the first term]
2n

Upper limit = lim = = lim =2
n—0 N n-0 n

1 & 2 »
8= lim |— dx =[log (1 + x
n—o [nrz1 r/n] 51 flog ( o

=log 3 -log 1 =log 3.
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